Abstract. We develop a least-squares method for computing the analytic capacity of compact plane sets with piecewise-analytic boundary. The method furnishes rigorous upper and lower bounds which converge to the true value of the capacity. Several illustrative examples are presented. We are led to formulate a conjecture which, if true, would imply that analytic capacity is subadditive. The conjecture is proved in a special case.
Introduction
Let K be a compact subset of C and let Ω be the complement of K in the Riemann sphere, i.e. Ω := C ∞ \ K. The analytic capacity of K is
Here f ′ (∞) := lim z→∞ z(f (z) − f (∞)) denotes the coefficient of z −1 in the Laurent expansion of f (z) near infinity, and H ∞ (Ω) denotes the class of all bounded holomorphic functions in Ω.
Analytic capacity of compact sets was first introduced by Ahlfors [1] , in order to study Painlevé's problem of finding a geometric characterization of the compact sets K that have the property that every bounded holomorphic function in Ω is constant. These compact sets are called removable and are precisely those of zero analytic capacity. Painlevé's problem has been extensively studied in the last decades and is now considered solved. See e.g. [21] for a survey of Painlevé's problem and related results.
The study of analytic capacity became even more interesting with Vitushkin's work on uniform rational approximation [23] . Vitushkin showed that analytic capacity plays a central role in the theory of uniform rational approximation of holomorphic functions on compact subsets of the plane. See e.g. [25] for a survey of the applications of analytic capacity to this type of problem.
We also mention that analytic capacity is used in fluid dynamics to study the 2-dimensional velocity fields induced by several obstacles, see e.g. [11] .
In this article, we are primarily interested in the computation of analytic capacity. More precisely, our main objectives are
• To obtain a quick and efficient method to compute the analytic capacity of "nice" compact sets.
• To use this method to investigate the (still open) subadditivity problem for analytic capacity. The article is structured as follows. Section 2 contains the necessary preliminaries on analytic capacity. In Section 3, we obtain some estimates for the analytic capacity of a compact set with C ∞ boundary. Then, in Section 4, we prove that the same estimates remain valid in the case of compact sets with piecewise-analytic boundary (subject to suitable modifications). The proof relies on properties of the Smirnov classes E p (Ω) on finitely connected domains. In Section 5, we use these estimates to obtain a numerical method for the computation of analytic capacity. The method gives upper and lower bounds for the analytic capacity γ(K), and we prove that these bounds can be made arbitrarily close, thus converging to the true value of γ(K). In Section 6, we present several numerical examples, in the case of analytic boundary as well as in the case of piecewise-analytic boundary.
The last two sections, Section 7 and Section 8, are dedicated to the study of the subadditivity problem for analytic capacity. The problem is the following: Is it true that γ is subadditive, in the sense that
for all compact sets E, F ⊆ C ? Vitushkin conjectured in [23] that analytic capacity is semi-additive, i.e.
γ
(E ∪ F ) ≤ C(γ(E) + γ(F ))
for some universal constant C. He gave various applications of this inequality to rational approximation. Semi-additivity of analytic capacity was proved by Tolsa [20] . In fact, Tolsa proved that analytic capacity is countably semi-additive. However, it is still unknown whether or not one can take the constant C equal to 1. Davie [4] gives some applications of the subadditivity of analytic capacity to rational approximation theory. In Section 7, we first use a discrete approach to analytic capacity (introduced by Melnikov [10] ) to prove that the subadditivity of analytic capacity is equivalent to the subadditivity in the special case where the compact sets E, F are disjoint finite unions of disjoint disks, all with the same radius. This result is quite convenient because the numerical method described in Section 5 is very efficient for computing the analytic capacity of such compact sets. Then we use a discrete version of analytic capacity, also introduced by Melnikov [10] , to obtain a result regarding the behavior of the ratio γ(E ∪ F ) γ(E) + γ(F ) as r → 0, where E and F are disjoint finite unions of disjoint disks, all with radius r.
Finally, in Section 8, we formulate a conjecture based, among other things, on numerical evidence. A proof of this conjecture would imply that analytic capacity is subadditive. We end the section by giving a proof in a special case.
In the article, we shall use the letter Ω to denote a domain in the Riemann sphere, that is, an open and connected subset of C ∞ . Furthermore, when Ω is said to be a finitely connected domain with analytic (respectively piecewise-analytic) boundary, we mean that the boundary of Ω consists of a finite number of pairwise disjoint analytic (respectively piecewise-analytic) Jordan curves. Finally, we shall use A(Ω) to denote the set of complex-valued functions that are continuous in Ω, the closure of Ω in C ∞ , and holomorphic in Ω.
Preliminaries on analytic capacity
In a sense, analytic capacity measures the size of a set as a non-removable singularity for bounded holomorphic functions. A direct consequence of the definition is that γ is monotone:
It is also easy to prove that
for every a, b ∈ C and compact set K. In particular, γ is invariant under translation. Analytic capacity is also outer regular, in the sense that, if
is a decreasing sequence of compact sets, and if K := ∩ n K n , then γ(K n ) → γ(K) as n → ∞.
It is well known that, for every compact set K, there exists an extremal function f for γ(K), that is, a function f holomorphic in Ω with |f | ≤ 1 in Ω and f ′ (∞) = γ(K). In the case γ(K) > 0, this function f is unique in the unbounded component of Ω and is called the Ahlfors function for K. One verifies easily that the Ahlfors function f vanishes at ∞.
From Schwarz's lemma, it follows that, if K is connected, then f is the conformal map of Ω onto the unit disk D with f (∞) = 0 and f ′ (∞) > 0. As a consequence, we get that the analytic capacity of a closed disk equals the radius, and the analytic capacity of a closed line segment equals a quarter of the length. See e.g. [8] .
2.1. Finitely connected domains with analytic boundary. Let K be a compact set in the plane and again denote by Ω the complement of K in C ∞ . The following theorem says that, under certain assumptions on K, the Ahlfors function behaves nicely: Theorem 2.1 (Ahlfors [1] ). Let us assume that Ω is a finitely connected domain whose boundary consists of n Jordan curves. In this case, the Ahlfors function f is an n-to-1 branched covering of Ω onto the unit disk. Moreover, (i) f extends continuously to ∂Ω, the boundary of Ω, so that f ∈ A(Ω); (ii) |f | ≡ 1 on ∂Ω; (iii) f maps each of the n boundary curves homeomorphically onto the unit circle.
By the Schwarz reflection principle, if in addition each boundary curve is analytic, then f extends analytically across the boundary.
One way to prove Theorem 2.1 is to use the following result: 
Moreover, ψ has the following properties: (i) ψ ∈ A(Ω) and extends analytically across ∂Ω; (ii) ψ(∞) = 1/2πi; (iii) ψ represents evaluation of the derivative at ∞, in the sense that, for all g ∈ A(Ω),
The extension of ψ has an analytic logarithm. In particular, there exists a function q ∈ A(Ω) such that q(∞) = 1 and
The above is essentially due to Garabedian [7] . The function ψ is usually called the Garabedian function for Ω. See also [8, Theorem 4.1] .
We end this subsection by remarking that the function q in the above theorem is, up to a multiplicative constant, a reproducing kernel for the Hilbert space H 2 (Ω). Indeed, recall that, for any domain Ω and for 0 < p < ∞, the Hardy space H p (Ω) is the class of all functions h holomorphic in Ω such that the subharmonic function |h| p has a harmonic majorant. This definition is conformally invariant and coincides with the classical one when Ω is the unit disk. If Ω is a finitely connected domain with analytic boundary and if ∞ ∈ Ω, then H 2 (Ω) is a Hilbert space, with respect to the scalar product
in which evaluation at ∞ is continuous. Hence there is a unique function S(z, ∞) ∈ H 2 (Ω), called the Szegő kernel function for ∞, such that
If q is the function in (v) of the above theorem, then we have
See e.g. [8, Theorem 4.3] .
2.2.
Transformation of the Ahlfors and Garabedian functions under conformal mapping. The goal of this subsection is to describe how the Ahlfors and Garabedian functions transform under conformal mapping. As before, let K be a compact set in the plane, and set Ω := C ∞ \ K. Suppose that Ω is a finitely connected domain whose boundary consists of a finite number of pairwise disjoint Jordan curves.
By repeated applications of the Riemann mapping theorem, there exists another compact set K whose complement Ω is a finitely connected domain with analytic boundary and is conformally equivalent to Ω. Denote by F : Ω → Ω the conformal map thereby obtained, normalized so that F (∞) = ∞.
It is well known that every conformal map of a Jordan domain onto the unit disk extends to a homeomorphism of the closure of the domain onto the closed unit disk. Hence, by construction, F extends to an homeomorphism of Ω onto Ω. Write 
However, we have
Repeating this with f • F −1 instead gives the reverse inequality. By uniqueness of the Ahlfors function, we have f • F = λf for some constant λ with |λ| = 1.
For the transformation of the Garabedian function ψ, we need additional assumptions on the boundary of Ω. The reason behind this will be clear soon.
Accordingly, we shall assume that F is C ∞ on the boundary. This will be the case, for example, if all the boundary curves of Ω are C ∞ . This is a consequence of the following result, which dates back to Painlevé's doctoral thesis: We shall also need the fact that F ′ has an holomorphic square root in Ω. This is a consequence of the following: 
Then ψ has the following properties: 
To prove (iii), we use the change-of-variables formula as found in e.g. [15, The-
Here we used the change of variable w = F (z), which is legitimate since F is injective and C ∞ on ∂Ω. Now write
and (iii) follows. To prove (iv), note that
by Proposition 2.3. Finally, (v) follows directly from Theorem 2.2 and the remark preceding Theorem 2.5.
Adopting the terminology already used in the case where Ω had analytic boundary, from now on we shall call ψ the Garabedian function for Ω.
Remark. The Garabedian function was studied by Garnett [8] and Havinson [9] , who both raised the question of whether the Garabedian functions of a decreasing sequence of compact sets with analytic boundaries must converge. This question was answered in the affirmative by Smith [17] and also by Suita [18] . This fact leads to a natural definition of the Garabedian function for an arbitrary compact plane set, though we shall not need this degree of generality here.
3. Estimates for analytic capacity in the case of C ∞ boundary
In this section, we obtain some estimates for the analytic capacity of a compact set whose complement is a finitely connected domain with C ∞ boundary. First, we need a lemma:
Lemma 3.1. Let K be a compact set in the plane whose complement Ω is a finitely connected domain with
Proof. Write
Let C be a circle centered at the origin and containing K, with radius sufficiently large so that the above expression for f holds on C. Then we have
Indeed, the above is clear if f is holomorphic in a neighborhood of Ω, and such functions are uniformly dense in A(Ω), by Mergelyan's theorem. On the other hand, the right-hand side in the last expression is just f ′ (∞). This can be seen by substituting the power series expression for f into the integral and integrating term by term. Now we can prove: Theorem 3.2. Let K be a compact set in the plane, and suppose that the complement Ω of K is a finitely connected domain with C ∞ boundary. Then
Here the minimum and maximum are attained respectively by the functions g = q and h = f q, where f is the Ahlfors function for K and q is the function of Theorem 2.6.
The identity (1) was already known in the case of analytic boundary, since the work of Garabedian [7] . It is usually referred to as Garabedian's duality. It was also studied for more general domains Ω by Havinson [9] .
Proof. Let f be the Ahlfors function for Ω, so that f ∈ A(Ω) with f (∞) = 0 and |f | ≡ 1 on ∂Ω and f ′ (∞) = γ(K). Let ψ be the Garabedian function for Ω in the sense of Theorem 2.6, and denote by q the function in A(Ω) with q(∞) = 1 and
To prove (1), let g ∈ A(Ω) with g(∞) = 1. We have
by Lemma 3.1. Thus,
Taking the minimum over all such functions g, we obtain
On the other hand, take g := q. Then g ∈ A(Ω) with g(∞) = 1 and
by Theorem 2.6. Combining this with inequality (3), we obtain (1). For (2) , consider the function h = f q. Then h ∈ A(Ω), h(∞) = 0 and
On the other hand, let h ∈ A(Ω), h(∞) = 0. Denote by T (z) the unit tangent vector to ∂Ω at z, that is, dz = T (z)|dz| with |T | ≡ 1. Let h 1 , h 2 denote
By Lemma 3.1, it follows that
Since q(∞) = 1 and h(∞) = 0, we have (hq) ′ (∞) = h ′ (∞), and thus
Combining this with inequality (4), we obtain (2).
Estimates for analytic capacity in the case of piecewise-analytic boundary
The objective of this section is to extend the estimates of Theorem 3.2 to another interesting case, that of sets with piecewise-analytic boundaries.
Let us assume that K is a compact set such that Ω := C ∞ \ K is a finitely connected domain with piecewise-analytic boundary. By this, we mean that the boundary consists of a finite number of non-intersecting Jordan curves, and that each boundary curve is the union of a finite number of analytic arcs. We further assume that every intersecting pair of analytic arcs meets at a corner that is conformally equivalent to a sector. More precisely, we suppose that if two analytic arcs intersect at a point w, then there exists a conformal map defined in a neighborhood V of w, and mapping V ∩ Ω onto a sector {re iθ : 0 < r < 1, 0 < θ < α}, where 0 < α < 2π.
To obtain the estimates of Theorem 3.2, we used the fact that the functions q and f q extend continuously to the boundary, where f is the Ahlfors function for K and q is the square root of 2πi times the Garabedian function ψ.
In the case of piecewise-analytic boundary, this remains true for the Ahlfors function f . However, there are some issues regarding the Garabedian function: ψ will have discontinuities at the finite set E where the boundary fails to be smooth (E is made of the endpoints of the analytic arcs in the boundary). Consequently, in order to extend Theorem 3.2, we need to replace A(Ω) by a larger class of holomorphic functions in Ω. It turns out that Smirnov classes over finitely connected domains are precisely what we need.
Smirnov classes on finitely connected domains.
Our objective now is to present the theory of Smirnov classes E p (Ω) on finitely connected domains. For more details, we refer the reader to [6] and [16] .
Let Ω be a finitely connected domain with rectifiable boundary. By that, we mean that ∂Ω consists of a finite number of pairwise disjoint rectifiable Jordan curves. Let 1 ≤ p < ∞.
We say that a function h belongs to the Smirnov class E p (Ω) if h is holomorphic in Ω and if there exists a sequence {Ω n } of finitely connected subdomains of Ω with rectifiable boundaries {C n } such that: (i) Ω n eventually contains each compact subset of Ω, (ii) lim sup n→∞ Cn |h(z)| p |dz| < ∞, (iii) the lengths of the curves of the C n 's are uniformly bounded.
In the simply connected case, it is well known that condition (iii) is a superfluous requirement in the definition. This remains true in the finitely connected case.
It is not hard to prove that A(Ω) ⊆ E p (Ω). Moreover, it is also well known that E p (Ω) reduces to the classical Hardy space H p (Ω) when Ω is the unit disk, and this is also true if Ω is a finitely connected domain with analytic boundary. However, in general, neither of the inclusions hold. Even for simple cases like Jordan domains with polygonal boundaries, the two classes are not equal.
The following well-known result is a generalization of Fatou's theorem on the classical Hardy spaces. 
We shall also need the following generalization of Lemma 3.1:
Corollary 4.2. Let K be a compact set in the plane, and suppose that the complement Ω of K is a finitely connected domain with rectifiable boundary. Let
Proof. Translating K, we may suppose that it contains 0 in its interior. Set Ω 0 := {z : 1/z ∈ Ω}. Then Ω 0 is a bounded finitely connected domain with rectifiable boundary, and 0
It is easy to see that
where we used the preceding theorem. Making the change of variable w = 1/z, we obtain the result.
The Garabedian function.
Let us now return to the case where K is a compact set in the plane whose complement Ω is a finitely connected domain with piecewise-analytic boundary. In this case, there are some issues regarding the Garabedian function ψ. If we proceed as in Theorem 2.6 and define
then ψ will not extend continuously to the boundary: the first factor ψ • F is in A(Ω), but the second one F ′ has singularities at the endpoints of the analytic arcs, i.e. at the points of E. However, F extends analytically across any analytic arc in the boundary, so ψ as defined is continuous in Ω \ E.
The following result is the analogue of Theorem 2.6 in this new setting. Recall that Ω is a finitely connected domain with analytic boundary conformally equivalent to Ω, and that F : Ω → Ω is a conformal map, normalized so that F (∞) = ∞, and with expansion 
Then ψ is a Garabedian function for Ω, in the sense that (i) ψ is holomorphic in Ω and continuous in Ω \ E, (ii) ψ(∞) = 1/2πi, (iii) ψ represents evaluation of the derivative at ∞, in the sense that for all g ∈ A(Ω), 
For the proof, we need an analogue of Theorem 2.5:
Let Ω, Ω and F : Ω → Ω be as in the above. Then F ′ has an analytic square root in Ω. More precisely, there exists a function h holomorphic in Ω and continuous in Ω \ E such that
Proof. The proof of [3, Theorem 12.1] also works in our case. However, we can use the fact that F is a composition of Riemann maps to obtain a more elementary proof, as follows. Let n be the number of curves in the boundary of Ω. Recall that by construction, F is a composition of n Riemann maps:
where each φ j maps some unbounded Jordan domain onto C ∞ \D, with φ j (∞) = ∞.
We proceed by induction on n. First, consider the case n = 1. Translating Ω if necessary, we can suppose that 0 /
∈ Ω. Put D 1 := {z : 1/z ∈ Ω} and define
Then G is a conformal mapping of the bounded Jordan domain D 1 onto D with G(0) = 0. We know that G extends to a homeomorphism of D 1 onto D and analytically across any analytic arc of the boundary. Note that the boundary of D 1 consists of a finite number of analytic arcs separated by a finite set of points. Call this finite set of points E. It is easy to see that G extends analytically to a simply connected domain U containing
for some g holomorphic in U . We have
so that
But both F ′ and h are holomorphic in a neighborhood of Ω \ E. In particular, we have
This completes the proof for the case n = 1. Now, suppose that the result holds for n − 1, where n ≥ 2. Since
and the result follows from the induction hypothesis and the case n = 1.
We can now proceed to the proof of Theorem 4.3:
Proof. We already know that (i) holds, and the proof of (ii) is exactly the same than the one in Theorem 2.6. Moreover, since F is differentiable everywhere on the boundary except at a finite set of points, we can use the change-of-variables formula found e.g. in [15, Theorem 7.26 ]. Points (iii) and (iv) then follow exactly as in the proof of Theorem 2.6. Point (v) follows directly from Theorem 2.2, together with Lemma 4.4.
|dw|.
Proof of the estimates. We can now prove:
Theorem 4.5. Let K be a compact set in the plane, and suppose that the complement Ω of K is a finitely connected domain with piecewise-analytic boundary. Then
Here the minimum and maximum are attained respectively by the functions g = q and h = f q, where f is the Ahlfors function for K and q is the function of Theorem 4.3.
Proof. The proof is exactly the same as the one in Theorem 3.2. Use Theorem 4.3 instead of Theorem 2.6 and Corollary 4.2 instead of Lemma 3.1.
Remark. It follows from the first estimate that the function q is unique and, consequently, the Garabedian function ψ too. Indeed, q is an element of minimal norm in the convex set S := {g ∈ E 2 (Ω) : g(∞) = 1}, which is necessarily unique by an elementary Hilbert-space argument.
Computation of analytic capacity
5.1. Description of the method. In this section, we present a method based on the estimates of Theorem 3.2 (respectively Theorem 4.5) to compute the analytic capacity of a compact set K whose complement Ω is a finitely connected domain with analytic (respectively piecewise-analytic) boundary. The method yields upper and lower bounds for γ(K).
Let A 0 (Ω) := {f ∈ A(Ω) : f (∞) = 0} and let F be a subset of A 0 (Ω) whose span is dense, with respect to the L 2 -norm on ∂Ω. For example, F could be the set of all functions of the form (z − a)
−n , where n ∈ N and a belongs to some prescribed set S containing one point in each component of the interior of K. This is a consequence of Mergelyan's theorem.
Let A = {g 1 , g 2 , . . . , g n } be a finite subset of F . The functions g 1 , g 2 , . . . , g n will be called approximating functions.
The method for the upper bound is based on the following:
• Finding the function g in the span of g 1 , g 2 , . . . , g n that minimizes the quan-
In view of Theorems 3.2 and 4.5, this gives an upper bound for γ(K).
More precisely, the method is the following.
• Define
where α 1 , . . . , α n are complex numbers to determine. Write α j := c j + id j , and then compute the integral
This gives an expression that can be written in the form • Create a new set of approximating functions A by adding functions from F to A, and then repeat the procedure with A replaced by A. The above yields a sequence of decreasing upper bounds for γ(K). Clearly, it can be adapted to yield a sequence of increasing lower bounds for γ(K), using the other estimate of Theorems 3.2 and 4.5.
5.2.
Convergence of the method. In this subsection, we prove that the upper and lower bounds obtained with the method can in principle be made arbitrarily close.
First, recall that the minimum and maximum in Theorems 3.2 and 4.5 are attained respectively by the functions q and f q, where f is the Ahlfors function for K and q is the square root of 2πi times the Garabedian function for Ω.
If the boundary of Ω is C ∞ , then both of these functions belong to A(Ω). It follows from Mergelyan's theorem that we can approximate them uniformly on ∂Ω by rational functions with poles in S, where S is some prescribed set containing at least one point in each component of the interior of K. On the other hand, Lemma 3.1 implies that if h, R ∈ A(Ω) and |h − R| < ǫ on ∂Ω, then |R ′ (∞) − h ′ (∞)| < Cǫ where C depends only on Ω. Hence, it follows that for every ǫ > 0, there exist rational functions R 1 , R 2 vanishing at ∞ and with poles in the prescribed set S, such that 1
This proves the convergence of the bounds in the C ∞ boundary case. For the piecewise-analytic boundary case, we need an analogue of Mergelyan's Theorem for the Smirnov class E 2 (Ω). Assume that K is a compact set in the plane whose complement is a finitely connected domain with piecewise-analytic boundary. We know that E 2 (Ω) contains A(Ω), but is it true that A(Ω) is dense in E 2 (Ω)? In other words, can every function h in E 2 (Ω) be approximated on the boundary by functions f n in A(Ω), in the sense that
as n → ∞? In turns out that the answer is yes. Before we prove this, we need the definition of Smirnov domains:
It is well known that φ ′ is in H 1 (D), and, since it has no zeros, we have a canonical factorization of the form
where S is a singular inner function and Q is outer. We say that D is a Smirnov domain if S ≡ 1, that is, if φ ′ is outer. It can be shown that this definition is independent of the function φ; it depends only on the domain D. A simple sufficient condition for D to be a Smirnov domain is that arg φ ′ be bounded either from above or below. Geometrically, this means that the local rotation of the mapping is bounded; loosely speaking, the boundary curve cannot spiral too much. In particular, D is a Smirnov domain if it has smooth (or piecewise-smooth) boundary. We refer the reader to [6] or [12, Chapter 7] for more details on Smirnov domains.
We say that a function h ∈ L p (∂D) belongs to the L p (∂D)-closure of the polynomials if there is a sequence (p n ) of polynomials such that
It is convenient to identify E p (D) with its set of boundary values functions. Thus, 
where each h j belongs to E p (D j ) and h j (∞) = 0 for 2 ≤ j ≤ n.
Proof. See [22] .
The following is a generalization of Theorem 5.1 to finitely connected domains, in the case p = 2: Theorem 5.2 , and suppose in addition that the curves Γ j are piecewise analytic. Let a 1 := ∞ and for 2 ≤ j ≤ n, fix a point a j in the interior of the complement of D j . Then the rational functions with poles in the set {a 1 , a 2 , . . . , a n } are dense in E 2 (D). In other words, for every h ∈ E 2 (D), there exists a sequence (R n ) of rational functions with poles in the prescribed set {a 1 , a 2 , . . . , a n } such that
For the proof, we need the following lemma:
bounded Jordan domain with rectifiable boundary and let K be a compact subset of U . Then there is a constant M , depending only on p and K, such that
for all w ∈ K and for every function g ∈ E p (U ), where
Proof. This is a simple application of Theorem 4.1 and Hölder's inequality.
We can now prove the theorem:
Proof of Theorem 5.3. By the decomposition theorem, it suffices to show that, if h ∈ E 2 (D j ), then there exists a rational function R j with poles only at a j , such that the integral
can be made arbitrarily small. Let ǫ > 0. First consider the case j = 1, so that h ∈ E 2 (D 1 ). Since D 1 is a bounded Smirnov domain with boundary Γ 1 , we can apply Theorem 5.1 and find a polynomial P 1 such that
Now, since the function (h − P 1 ) ∈ E 2 (D 1 ), we know by Lemma 5.4 that there exists a constant M , depending only on the curves Γ 2 , Γ 3 , . . . , Γ n , such that
Thus, we have
where L is the sum of the lengths of the curves Γ 2 , Γ 3 , . . . , Γ n . Since the right side can be made arbitrarily small, this concludes the proof for the case j = 1. Suppose now that 2 ≤ j ≤ n and let h ∈ E 2 (D j ). We can suppose h(∞) = 0, since it is part of the conclusion in the decomposition theorem. Translating D j , we may suppose that a j = 0. Let D j := {z : 1/z ∈ D j }. Then D j is a bounded Jordan domain with piecewise-analytic boundary; in particular it is a Smirnov domain. Define a function g in D j by g(z) := h(1/z). It is easy to check that g ∈ E 2 ( D j ). Also, g vanishes at 0, so the function g(z)/z also belongs to E 2 ( D j ). We have, by Theorem 5.1,
for some polynomial P . Making the change of variable w = 1/z, we obtain ∂Dj wh
Let Q(w) := (1/w)P (1/w), so that Q is a rational function with poles only at 0. The above inequality becomes
Now, apply Lemma 5.4 once again to conclude that there is a constant M depending only on the curves Γ k for k = j, such that
where L ′ is the sum of the lengths of the curves Γ k , k = j. Since the right side can be made arbitrarily small, this completes the proof of the theorem.
Remark. In the above proof, piecewise-analyticity of the boundary is only assumed so that the domains D 1 and D j (2 ≤ j ≤ n) are Smirnov domains. The result therefore remains true under this weaker assumption. Now, let us apply Theorem 5.3 to our case: i.e. K is a compact set in the plane whose complement Ω is a finitely connected domain with piecewise-analytic boundary consisting of n curves. Let D be the bounded domain obtained by adding an outer boundary circle, say Γ 0 , with radius sufficiently large so that K is contained in the interior D 0 of Γ 0 . If h ∈ E 2 (Ω), then clearly h ∈ E 2 (D). The decomposition theorem gives h = h 0 + h 1 + · · · + h n where each h j belongs to E 2 (D j ). Thus,
and, since h is holomorphic in the complement of K, this gives an analytic extension of h 0 to the entire plane, bounded near ∞. By Liouville's theorem, h 0 is constant. Now, since D is a bounded finitely connected domain with piecewise-analytic boundary, we can apply Theorem 5.3 to h on D. Since h 0 is constant, we can omit the pole at ∞. Thus, we have proved:
Corollary 5.5. Suppose that K is a compact set in the plane whose complement Ω is a finitely connected domain with piecewise-analytic boundary consisting of n curves. For each 1 ≤ j ≤ n, fix a point a j in the interior of each component of K. Then the rational functions with poles in the prescribed set {a 1 , a 2 , . . . , a n } are dense in E 2 (Ω).
Numerical examples
In this section, we present several numerical examples to illustrate the method. All the numerical work was done with matlab.
Analytic boundary.
Example 6.1.1. Union of two disks.
Here K is the union of two disks of radius 1 centered at −2 and 2. A natural choice here for the approximating functions g j is to take powers of 1/(z − 2) and 1/(z + 2). However, we shall instead consider functions of the form
where the a j 's are distinct points in the interior of K. The reason behind this is purely numerical: with these functions, the integrals involved in the method can be calculated analytically, using the residue theorem for example. This way, we avoid the use of numerical quadrature methods, and this results in a significant gain in efficiency.
The locations of the poles a j are arbitrary. Typically, for each disk centered at c with radius r, we put poles at the points {c, c ± r 1 , c ± r 1 i, c ± r 2 , c ± r 2 i, . . . , c ± r n , c ± r n i}, where r 1 , . . . , r n are equally distributed between 0 and r. Table 1 contains the bounds for γ(K) obtained with the method. We end this example by remarking that, in this particular case, there is a formula for γ(K). Indeed, if
where 0 < r < c, then we have the formula
Here ϑ 2 is one of the so-called Jacobi theta-functions:
The argument q is given by the solution in (0, 1) of the equation
An easy calculation gives
Formula (5) is easily deduced from a formula of Murai in [11] , by making the wellknown change of variables
ϑ 3 (q) 2 and using the identities relating theta-functions and elliptic integrals.
(We mention though that, in the formula for γ(K) in [11] , there is a factor c missing, and the formula should read
where F is the complete elliptic integral of the first kind.) A simple calculation shows that formula (5) can also be written in the form
Substituting c = 2 and r = 1 gives
Compare this with the bounds obtained in Table 1 . Figure 2 has a radius of 0.4. Here is another example for the computation of the analytic capacity of a compact set with analytic boundary. The compact set K is composed of four ellipses centered at −3, 3, 10i, −10i. Each ellipse has a semi-major axis of 2 and a semiminor axis of 1: Figure 3 . The compact set K for Example 6.1.3 In this case, the integrals involved have to be calculated numerically. We used a recursive adaptive Simpson quadrature with an absolute error tolerance of 10 −9 .
6.2. Piecewise-analytic boundary. In this subsection, we shall consider examples of compact sets K whose complements Ω are finitely connected domains with piecewise-analytic boundary.
Example 6.2.1. The square.
In this example, we consider the square with corners 1, i, −1, −i. We fix an integer n, and then consider the approximating functions 1 z , 1 z 2 , . . . , We immediately see that the convergence is very slow, as opposed to the results obtained in the case of compact sets with analytic boundaries. The main issue here is that we do not consider the geometric nature of the boundary. In order to accelerate convergence, our choice of approximating functions should take into account the different points where the boundary fails to be smooth.
In view of Theorems 4.3 and 4.5, the functions that we want to approximate are
for some constant c, where F is a conformal map of Ω onto C ∞ \D, with F (∞) = ∞.
By Theorems 2.1 and 2.2, we know that the functions f and ( ψ • F ) are continuous up to the boundary. These functions can thus be approximated by rational functions with poles inside the square. All that remains is to add approximating functions that behave like √ F ′ at the corners. If a is one of the corner in the boundary, then F should, in some sense, straighten out the angle from 3π/2 to π, that is F (z) must behave like (z − a) 2/3 near a. Differentiating and then taking square root, we find that (z − a) −1/6 should be, up to a multiplicative constant, a good approximation to F ′ (z) near a. Since we want functions that are holomorphic near ∞, we shall instead consider
In view of all of the above, we propose the following method for the computation of γ(K): Fix an integer n. Then add the approximating functions 1, 2, 3, 4 and k = 1, 2, . . . , n, where a 1 , a 2 , a 3 , a 4 are the corners of the square, f 0 (z) := 1 and
We use this method to recompute the analytic capacity of the square of Example 6.2.1. The convergence is significantly faster. We remark that, in this case, the answer can be calculated exactly. Indeed, since K is connected, we have that
83462684167407318630, where cap(K) is the logarithmic capacity of K.
Our method can easily be adapted to other compact sets with piecewise-analytic boundary. Indeed, suppose that K is a compact set whose boundary consists of m piecewise-analytic curves, say γ 1 , . . . , γ m . First, fix a point c in the interior of γ 1 , and let a 1 , a 2 , . . . , a N be the different points in γ 1 where the curve fails to be smooth. Suppose that γ 1 makes an exterior angle of α j at the point a j , where 0 < α j < 2π. Then we add the following approximating functions:
. . , N and k = 1, 2, . . . , n, where
All that remains is to repeat the procedure for the other curves.
Here is an illustrative example. 
. Union of a disk and two semi-disks
Our last example is a non-polygonal compact set with piecewise-analytic boundary. It is a typical example of the kind of geometry that often arises in applied mathematics, featuring smoothness of the boundary with the exception of a few singularities. Figure 6 . The compact set K for Example 6.2.3
The compact set K is composed of the unit disk and two half-unit-disks centered at 3 and 3i. The above compact set was considered in [14] and then in [13] , for the computation of logarithmic capacity. It was shown that cap(K) ∈ [2.19699, 2.19881]. Our results are thus consistent with the well-known inequality
Before leaving this section, a brief remark is in order. Comparing the results of Subsection 6.2 with Subsection 6.1, we see that the convergence is quite a bit slower in the case of piecewise-analytic boundary, compared to the case of analytic boundary. In fact, it is known that one cannot hope for similar convergence in both cases. This is related to the fact that if the boundary curves are piecewiseanalytic but not analytic, then the extremal functions in Theorem 4.5 do not extend analytically across the boundary.
The subadditivity problem for analytic capacity
This section is about the study of the following question: Is it true that
for all compact sets E, F ? Suita [19] proved that (6) holds if E, F are disjoint connected compact sets.
One of the main obstacles in the study of inequality (6) is that it is difficult in practice to determine the analytic capacity of a given compact set. However, the numerical examples in the last section show that our method is very efficient when the compact in question is a finite union of disjoint disks. Fortunately, this particular case is sufficient:
Theorem 7.1. The following are equivalent:
F that are finite unions of disjoint closed disks, all with the same radius.
Clearly (i) implies (ii), but the fact that the converse holds is nontrivial. For the proof of Theorem 7.1, we need a discrete approach to analytic capacity introduced by Melnikov [10] . 7.1. Melnikov's discrete approach to Analytic Capacity. Let z 1 , z 2 , . . . , z n ∈ C and let r 1 , r 2 , . . . , r n be positive real numbers. Define Z := (z 1 , z 2 , . . . , z n ) and R := (r 1 , r 2 , . . . , r n ). Suppose in addition that |z j − z k | > r j + r k for j = k, so that the closed disks D(z j , r j ) are pairwise disjoint. Set
and let
where the supremum is taken over all points a 1 , . . . , a n ∈ C such that
Clearly, we have µ 1 ≤ γ(K(Z, R)). Finally, for any compact set K ⊆ C and δ > 0, we write K δ for the closed δ−neighborhood of K.
The following lemma is precisely what we need to prove Theorem 7.1:
Lemma 7.2. Let K ⊆ C compact, and let δ, ǫ > 0. Then there exist z 1 , . . . , z n ∈ K δ and 0 < r < δ such that |z j − z k | > 2r for j = k, and
where Z = (z 1 , . . . , z n ) and R = (r, . . . , r). In particular,
Proof. See [10, Lemma 1].
We can now prove the implication (ii)⇒(i) in Theorem 7.1:
Proof. Suppose that (i) does not hold, so there exist compact sets E, F with
. Take δ > 0 sufficiently small so that (7) γ(E 2δ ) < γ(E) + ǫ/3, and
By Lemma 7.2, there exist z 1 , z 2 , . . . , z n ∈ (E ∪ F ) δ and 0 < r < δ such that
and the disks D(z j , r) are pairwise disjoint. For each j ∈ {1, 2, . . . , n}, fix w j ∈ E∪F with |z j − w j | = dist(z j , E ∪ F ) ≤ δ. Let A be the union of the disks D(z j , r) with w j ∈ E, and let B be the union of the disks D(z k , r) with w k ∈ F \ E. Then A ⊆ E 2δ and B ⊆ F 2δ . Since
we have
where we used equations (7) and (8) . Therefore (ii) fails to hold.
7.2. Discrete Analytic Capacity. For Z = (z 1 , . . . , z n ) ∈ C n , where z j = z k for all j = k, and r > 0, define
Assume in addition that the discs D(z j , r) are pairwise disjoint. By Theorem 7.1, the subadditivity of analytic capacity is equivalent to
for all z 1 , . . . , z n ∈ C and all m ∈ {1, 2, . . . , n − 1}, where Z = (z 1 , . . . , z n ), Z ′ = (z 1 , . . . , z m ) and Z ′′ = (z m+1 , . . . , z n ). The above inequality can be written as
where
The above shows the importance of studying the quantity R(Z, r, m). In this subsection, our objective is to obtain the following asymptotic expression for R(Z, r, m): Theorem 7.3. Fix z 1 , z 2 , . . . , z n ∈ C and fix m ∈ {1, 2, . . . , n − 1}. Then
as r → 0, where C is a strictly positive constant depending only on m, n and z 1 , z 2 , . . . , z n .
For the proof of Theorem 7.3, we need to introduce a discrete version of analytic capacity, first considered by Melnikov [10] .
For Z = (z 1 , . . . , z n ) and r > 0, define the discrete analytic capacity λ by
where the supremum is taken over all (a 1 , . . . , a n ) ∈ C n such that
We also introduce the following constants:
Then we have Corollary 7.5. Let K ⊆ C compact, and let δ > 0 and ǫ > 0. Then there exists z 1 , . . . , z n ∈ K δ and 0 < r < δ such that |z j − z k | > 2r for j = k and
where Z = (z 1 , . . . , z n ). Furthermore, Z and r can be chosen so that M (Z, r) < ǫ and N (Z, r) < ǫ.
Proofs. See [10, Theorem 2 and Corollary]. Now, we need another expression for λ(Z, r) which is easier to manipulate. We proceed as in [10] .
It is not hard to show that
where a = (a 1 , . . . , a n ), D R is the diagonal matrix with each entry of the main diagonal equal to r, and B = (b jk ), where
Here ·, · is the standard scalar product in C n . The matrix B can be written in the form B = CD R C * , where C = (c jk ) is the Cauchy matrix associated with z 1 , . . . , z n , i.e.
Arguing as in [10, Lemma 3] , we obtain
where 1 = (1, 1, . . . , 1) ∈ C n . The following lemma contains estimates for the discrete analytic capacity: Lemma 7.6. Let Z = (z 1 , . . . , z n ) ∈ C n and let r > 0. Then
Proof. See [10, Lemma 4] .
We shall also need the following lemma:
Lemma 7.7. Fix z 1 , . . . , z n ∈ C and, as before, let 
Proof. First note that we have the following expression for α:
An elementary calculation shows that the second sum is equal to
where S(z j , z k , z l ) is the area of the triangle with vertices z j , z k , z l and R(z j , z k , z l ) is the radius of the circle through z j , z k , z l (if z j , z k , z l are collinear, then we set S(z j , z k , z l ) := 0 and R(z j , z k , z l ) := ∞). The conclusion follows.
We can now proceed to the proof of Theorem 7.3:
Proof. Write M (Z, r) := Ar 4 and N (Z, r) := Br 3 , where A, B do not depend on r. Also, define
where C, C ′ , C ′′ are as in Lemma 7.7.
By Theorem 7.4 and Lemma 7.6, we have
Now, by Lemma 7.7, α = α ′ + α ′′ + δ for some δ > 0, and thus
as r → 0. Proceeding similarly, we obtain the reverse inequality:
as r → 0.
Remark. One immediately deduces from Theorem 7.3 some interesting properties of the ratio R(Z, r, m). First of all, for fixed Z and m, the asymptotic expression implies that R(Z, r, m) ≤ 1 for all r sufficiently small. Second, we have that R(Z, r, m) → 1 as r → 0. Another interesting consequence of Theorem 7.3 will be discussed in the next section.
8.
A conjecture related to the subadditivity problem 8.1. Formulation of the conjecture. Recall that, by Theorem 7.1, the subadditivity of analytic capacity is equivalent to the subadditivity in the case of disjoint finite unions of disjoint disks, all with the same radius. For such compact sets, our method for the computation of analytic capacity is very efficient, see e.g. the numerical examples of Section 6. This allowed us to perform a lot of numerical experiments. More precisely, let Z = (z 1 , . . . , z n ) ∈ C n and m ∈ {1, . . . , n − 1}. Let r > 0, chosen sufficiently small so that the disks D(z j , r) are pairwise disjoint. Recall that R(Z, r, m) is defined by
,
and
Using our numerical method, we can easily compute upper and lowers bounds for the ratio R(Z, r, m).
All the numerical experiments that we have performed seem to suggest that analytic capacity is indeed subadditive, i.e. that R(Z, r, m) ≤ 1 for all Z, r, m. More surprising though, all these experiments seem to indicate that the ratio R(Z, r, m) decreases as r increases. We formulate this as a conjecture: Conjecture 8.1. Fix Z = (z 1 , . . . , z n ) and m ∈ {1, . . . , n − 1}. Then R(Z, r, m) is a decreasing function of r.
In view of Theorem 7.3, a proof of the above conjecture would imply that analytic capacity is subadditive. Moreover, Theorem 7.3 also implies that, for fixed Z and m, the above holds for all r sufficiently small. We now present several numerical experiments to illustrate the conjecture. For 500 values of the radius r equally distributed between 0 and 0.499, we computed lower and upper bounds for the ratio R(z, r, m). Figure 8 shows the graph of the lower bound versus r. The graph for the upper bound is almost identical; the two graphs differ by at most 0.002481. Lower bound for the ratio radius r Figure 14 . Graph of the ratio γ(E ∪ F )/(γ(E) + γ(F )) for Example 8.2.4
8.3. Proof of the conjecture in the case n = 2. We end this section by giving a proof of the conjecture in the simplest case.
Theorem 8.2. Let E and F be disjoint closed disks of radius r. Then
is a decreasing function of r.
Proof. The main ideas of the proof that follows were suggested to us by Juan Arias de Reyna, and we gratefully acknowledge his contribution.
Without loss of generality, we can suppose that E and F are centered at c and −c respectively, where c > 0 and 0 < r < c. In this case, we have, by formula (5) of Example 6.1.1,
where q is the solution in (0, 1) of the equation
Recall that the Jacobi theta-functions are defined by (1 − q 2n )(1 − q 2n−1 ) 2 , for q ∈ (0, 1). Now, since γ(E) = γ(F ) = r, we have that
By equation (9), q increases from 0 to 1 as r increases from 0 to c. It thus suffices to show that f (q), defined above, is a decreasing function of q ∈ (0, 1). Proving this directly seems difficult, mainly because of the difference in the behavior of f near 1, and away from 1. For this reason, we separate the proof in two cases:
Case 1: q ∈ (0, 0.8] The idea in this case is to express f as a Jacobi product and then compute the logarithmic derivative. Using the product expression for ϑ 2 (q), we obtain f (q) = (1 − q) Evaluating the two infinite series, we obtain the following upper bound for u(q): (1 − q 2 ) 2 .
Using maple, we can substitute different values of k and solve where the resulting expression is negative. With k = 10, we obtain that the above expression is negative for q ≤ 0.81121. In particular, f is decreasing in the interval (0, 0.8].
Case 2: q ∈ (0.8, 1) In this case, we shall make another change of variable, using the modularity of the theta-functions. The Jacobi modular identity for theta-functions implies that ϑ 2 (e −π/x ) = √ xϑ 4 (e −πx ).
Making the change of variable q = e −π/x , we get
Note that x increases from 0 to ∞ as q increases from 0 to 1. Furthermore, if 0.8 < q < 1, then x > π/(log 5/4) ≈ 14.0788. It thus suffices to prove that f (x) is decreasing for x > 14. Write f (x) = g(x)h(x), where g(x) := 1 2 x sinh π 2x and h(x) := ϑ 4 (e −πx ) 2 .
It is easy to prove that g is decreasing on (0, ∞). Indeed, g ′ (x) ≤ 0 is equivalent to tanh π 2x ≤ π 2x , which is true since tanh(θ) ≤ θ for θ ≥ 0. Now, we shall use the fact that h(x) ≈ 1 for x > 14 to deduce that in this case, the behavior of f and g are nearly the same. We have to do some numerical error analysis:
First, we need to estimate how close h(x) is to 1 when x > 14. Note that ϑ 4 (q) = 1 − 2q + 2q 4 − 2q 9 + . . . We shall also need an estimate for the derivative of g:
Now, since x > 14, we have 1 2 cosh π 2x ≤ 1 2 cosh π 28 ≈ 0.50315 < 1.
Also, for θ ≥ 0, θ − tanh θ ≤ θ 3 /3. Indeed, both functions are 0 at 0 and if we compare the derivatives, we get tanh 2 θ ≤ θ 2 , which holds for every θ ≥ 0. We thus obtain the following estimate for the derivative of g:
24(14 3 ) ≤ 1.
Now we estimate g(x)
. This is easy; g is decreasing, so for x > 14, we have (12) g(x) ≤ g(14) = 1 2 (14) sinh π 28 ≈ 0.78705 < 1.
We also have the easy estimate 
